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Abstract. Let Ve be the pluricomplex Green function associated to a compact subset 
^ I E of C"^. The well known Holder Continuity Property of E means that there exist 

^ ' constants 5 > 0,7 G (0,1] such that Ve{z) < B dist{z, E^ . The main result of this 

paper says that this condition is equivalent to a Vladimir Markov type inequality, 
i.e. \\D'^P\\e < Ml°l(degP)'"l'"l (lal!)^"" ||P||b, where m,M > are independent 
of the polynomial P of N variables. We give some applications of this equivalence 
and we present its generalization related to a notion of a fit majorant. Moreover, as a 
consequence of the main result we obtain a criterion for the Holder Continuity Property 
in several complex variables of the type of Siciak's L-regularity criterion. 
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1. Introduction 

Let E he a compact set in C^. The pluricomplex Green's function (with pole at 
infinity) of E can be defined by 

Ve{z) := snp{u{z) : u G Cj^ and m < on E}, z G C^, 

where is the Lelong class of all plurisubharmonic functions in of logarithmic 
growth at the infinity, i.e. 

Cn:={u G PSH{C^) : u{z) - log \\z\\2 < 0{1) as ||z||2 ^ oo} 

(for background information, see [H]). Here \\z\\2 stands for the Euclidean norm in 
K^, K = C or K = M. In the univariate case Ve coincides with the Green's function 
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Qe of the unbounded component of C \ E with logarithmic pole at infinity (as usual 
C = CU{oo}). 

If V^{z) is the standard upper regularization of Ve then it is well known (Siciak's 
theorem) that either E Cn or = +00. It is also equivalent to the fact that E 
is a non-pluripolar or pluripolar set, respectively. If we define the L-capacity of E as 

C{E) = liminf ex^^v*'(z') ' ^^en is a pluripolar set if and only if C{E) = 0. 

II2II2 — >co '^"^P By^) 

A set E is L-regular if lim V^{w) = for every z E E. Siciak has proved that this 

w — >z 

is equivalent to the continuity of Ve in the whole space C^. Therefore, L-regularity is 
one of the global properties of E and a crucial role is played here by the continuity of 
Ve near E. 

Another global property of the set E that depends only on the behaviour of Ve 
near E is the Holder continuity property (HCP for short) of the pluricomplex Green's 
function Ve (see the result due to Blocki in [Ml Prop. 3. 5] or Prop. 2. 6 below). By 
Cauchy's inequality, one can prove that HCP implies the A.Markov inequality, i.e. 
there exist constants m > 1, M > such that for every polynomial P of N variables 

llgradPlI^; < M (degP)"" \\P\\e. (1) 

If E admits inequality ([1]) then it is said to be a Markov set and we write E G 
AMI{m, M). To reveal the importance of this property, we quote the following re- 
sult due to Plesniak. 

Theorem 1.1 ([201 Th.3.3]). If E is a C°° determining compact subset o/M^ then the 
following statements are equivalent to property (QP-' 

(i) (Bernstein's Theorem) If the distance of a function / : E' — i- M from the space of 
polynomials of degree at most n forms a rapidly decreasing sequence (as n ^ 00) then 
f is a restriction to E of a function f G C°°(M^). 

(ii) The space {C°°{E), ti) is complete, where ti is the topology in C'^{E) determined 
by the Jackson's seminorms. 

(iii) There exists a continuous linear operator L : (C°°(i?),ri) — )■ (C°°(M^),ro) such 
that Lf\j^ = f for each f G C°°{E), where tq is the natural topology in C°°(R^). 

(iv) There exist positive constants C and fi such that for every polynomial P of 
degree at most n 

where Er = {z E : dist (z, E) <r}. 

An exciting question is whether there exists a relationship between the A.Markov 
inequality and the behaviour of the Green's function near the considered set. It is 
known (see [7]) that every Markov set E G C is not polar and E is L-regular if C M 
([9]). It seems that A.Markov inequality ([1]) implies Holder continuity property but a 
proof is an open problem mentioned e.g. in [20]. Actually, even the question about 
L-regularity of Markov sets in the general case remains still open. 

We shall make an attempt in the direction of solving this problem by concentrating 
on a generalization of a inequality proved by A.Markov's younger brother, V.Markov. 
He discovered in 1892, after a very detailed investigation, a precise but intricate esti- 
mate for the k-th derivative of polynomials (see e.g. [22]): for any polynomial P of 



2 



degree not greater than n 

\\P < (1) - i.3.....(2fc_i) (2) 

where T„(x) = cos(n arccos x) is the n-th Chebyshev polynomial (for A; = 1 it was proved 
by A.Markov in 1889). 

Inequality ([2]) inspired us to consider a new type of Markov inequality (see Def.2.8 
below). It turns out that this inequality is equivalent to Holder continuity property of 
the pluricomplex Green's function. This is the main result of the paper (Th.2.12). 

Although the definition of HCP is simple, its verification for particular sets can 
be very complicated (see e.g. PQ EI])- The Carleson-Totik criterion (see [121 Th.1.2, 
Th.1.7]) merits mentioning here. It gives an equivalent condition for HCP expressed in 
terms of capacities in a similar way to Wiener's criterion for L-regularity. This criterion 
can be used for proving HCP for a large family of sets. However, the Carleson-Totik 
criterion holds only in the univariate complex case (or in R^) and the equivalence is 
valid under certain additional assumption on sets e.g. for sets satisfying an exterior 
cone condition. In this context, Th.2.12 of this paper provides a useful tool for showing 
HCP especially when sets do not satisfy the assumptions of the criterion mentioned 
above. We give some examples of such an application of Th.2.12. Moreover, we prove 
a rather surprising fact that it is sufficient to verify the Holder continuity property of 
Ve only in canonical directions (Cor. 2. 13). This allows us to show HCP for a large 
class of sets. 

The paper is organized as follows. A statement of the main results is presented in 
Section 2. The next section contains proofs of these results. In Section 4 we give a 
generalization of Th.2.12 related to a notion of a fit majorant. The next section deals 
with compact subsets of C + = C^, especially with convex bodies and 
also with UPC sets, i.e. uniformly polynomially cuspidal sets. In the last section we 
show some applications of Th.2.12 for disconnected compact sets. 

2. Notations and statement of the main results 

The pluricomplex Green's function is closely related to polynomials (see [23] or [HI 
Th.5.1.7]) in view of the formulas 

VEiz) = log^Eiz), zeC", (3) 

where $s is the Siciak extremal function, i.e. 

^e{z) = sup||P(z)|i/7||P||;/" : PgP(C^), degP = n>l, P^ ^ o} , 

V(K'^) denotes the vector space of polynomials of A^ variables with coefficients in 
IK G {C, M} and || ■ H^; is the maximum norm on E. 

In order to investigate the behaviour of Ve near E, we define 
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V^{z) := sup{Ve{x — w) : xEE, ||w||2 < H^lb}, -2 ^ C 

that is, a radial modification of Ve- The definition and main properties of V^ were 
presented by M.Baran, L.Bialas-Ciez, Comparison principles for compact sets in 
with HCP and Markov properties during the Conference on Several Complex Variables 
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on the occasion of Professor's Jozef Siciak's 80th birthday, Krakow, 4-8 July 2011. We 
set out (without proofs) the following examples: 

• if is a unit ball in (with respect to a fixed complex norm) then V^{z) = 

l0g(l+||z||2/C(E)), 

• if is a convex symmetric body in then V^{z) = log/i(l + 1 [2/(2 C(i?))), 
where h{t) = t + Vt^ - 1 for t > 1. 

• if is a polar set then V^(0) = 0, V^|c'v\{o} = +00. 

For the non-polar sets we can obtain a very important fact which is derived from 
Prop.1.4 in [15] (cf. Th.2.1c)]): 

Proposition 2.1. If E is a non-pluripolar compact subset of and 

PEir) := V^iz) for \\z\\2 = r, 
then t\ — > pE{e^) is an increasing convex function. 

Remark 2.2. The function pE has the following basic properties: 

a) p\E{r) = pE{X~^r), A > 0, 

b) PExpir) = max{pE{r),pF{r)), 

c) lim (p£;(r) — log r) = — log C(i?), 

r—^ca 

d) pe is increasing, continuous on (0, +00) and consequently, = Pe{0) < liui pE{f)- 

r— >0+ 

Therefore, L-regularity is equivalent to the equality lim p£;(r) = 0. 

r-5-0+ 

Indeed, equality a) can be checked by a standard verification. Formula b) is a con- 
sequence of the well-known product property of the pluripotential Green function. A 
behavior of pe for r near the infinity is related to the L-capacity of E: like in the 
proof of Th.2.3 in [5] we can show equality c). Statement d) is deduced directly from 
Prop.2.1. 

On can easily check that p[_i i](r) = log/i(l + r). In general, it is rather difficult to 
calculate the exact values of pE- However, for some investigations of the behavior of 
Pe near 0, it will be profitable to find a simple majorant sufficiently close to pE- 

Definition 2.3. A function p: (0, 1] — > (0, +00) satisfies conditions of a fit majorant if 

1) 1 1 — )• p(e*) is an increasing, C"'^((— 00, 0]) strictly convex function, 

2) p'(l) > 1 and lim p(r) = 0. 

■r-s>0+ 

Note that for every function p satisfying the above conditions we have limt^_oo ip{t) = 
and ip-\{0,p\l)]) = (-00, 0] where ipit) := (p(e*))'. 

Example 2.4. The following functions satisfy conditions of a fit majorant: 

i) p(r) = Ar^ for 7 G (0, 1] and A > I/7, 

ii) p(r) = i(l/log(e/r))'* for s > 0, 

in) p(r) = Ar'' (log(l/r) + |) for a E (0, 1] and A>1. 

We are interested in seeing how the Holder continuity of the pluricomplex Green's 
function Ve is connected with Markov-type inequalities for polynomials on E. The 
question will be made more precise by the next definition: 

Definition 2.5. Let 7 G (0,1], 5 > 0. A compact set E C admits the Holder 
continuity property of the pluricomplex Green's function Ve {E G HCP{'~f, B) in short) 
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if for every z G 

Ve{z) < B dist(z,E)^. (4) 

It seems appropriate to mention here five equivalents for this property, 
vskip 3mm 

Proposition 2.6. If E is a compact subset of and 7 G (0, 1] then the following 
statements are equivalent: 

(i) 3Bi>l EeHCPin.Bi), 

(ii) 3B2>1 pE{r) < B2 for r > 0, 

(m) 3 53>1 \pE{r) - Pe{s)\ < Bslr - s\'^ for r,s>0, 

(iv) 3 54>1 <l>i5(z) < 1 + ^4 dist(z,E)T for z e , dist(z,E)<l, 

(v) 3B^>1 \Ve{z) - Ve{w)\ < B^Wz-wW^' for z,weC^, 

(vi) Vi?>0 3Be>l - < Bq \\z - w\\^ for z,weER: = 
{zeC^ : dist(;z,E) < R}. 

Moreover, in the equivalences {i) <^ {ii) <^ (Hi) {v) we have Bi = B2 = B^ = B^. 

U E E HCP{'~f,B) then E is L-regular and therefore C{E) > 0. However, a lower 
bound for C{E) in terms of the constants 7, B was not known. In this paper we simply 
solve this problem (see Th.2.12). 

A close inspection of the proof of [161 Th.3.5] and use of Stirling's approximation 
lead us to 

Proposition 2.7. If E G C and there exists Mk = Mk{E) independent of n and a 
polynomial P of degree at most n such that 

WP^'^We < Mk n"^' \\P\\e (5) 
then Mk > B^ /[{k\)"^~^ for certain absolute constant B > 0. 

This fact was the motivation for concentrating on the following generalization of the 
V.Markov inequality. 

Let N = {1, 2, ...} and Nq = N U {0}. 

Definition 2.8. Fix m > 1, M > 0. A compact set E C admits the V.Markov 
inequality {E G VMI{m, M) in short) if for every a G N^, P G P(C^) 

\D''P\\e < MH ^^^J , \\P\\e (6) 



where |q;| = ai + . . . + oat, D° = „ for a = (ai, . . . , ajv). 

In other words, (E]) is a version of inequality (E]) (and also its analogue in higher 
dimensional space) with the strongest possible constants M^ (compare with [B]). 

Example 2.9. The simplest example of a set admitting V.Markov inequality is the 
unit disc D in the complex plane. By Bernstein inequality, for every polynomial P of 
degree not greater than n we have HP^'^-'llj} < \\P\\n and thus ©G V MI{1,1). In 

the multidimensional space for a polydisc D{a, r) = {z E : |-2i — ai| < ri, . . . , \z]^ — 
«Af| < ^n} of polyradius r = (ri, . . . ^r^) G (0, +00)^ we get (see [U Example 2.2]) 

\\D P\\D{a,r) < 7 Tj— T Pb{a,r) 
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whenever P is a polynomial of variables zi^ . . . ,zj^ of degree at most z/i in zi, ... , 
z/^r in Z]^. As usual, v\ = Vi\ . . and r" = . . r^^. Hence 

\\D^P\\dm < r-^ v'i' ...v%^ \\P\\dm < r-" (degP)H ||P||D(a,r) (7) 

for any polynomial P G ^(C^). Therefore D{a,r) G \^M/(1, max l/r^). 

i 

Example 2.10. Due to the classical inequality proved by V.Markov (see ([2])), we have 
[-1, 1] G VMI{2, 1). If E= [ai, 6i] X . . . X [a^, 67v] CM^ C M^+iM^ = then for every 
polynomial P of degree at most z/i in 2:1, . . . , un in zn we have (see |E1 Example 2.2]) 



^ (j^r<:">(i).....T<r>(i)iiPii. < ^.^iiPii, 

with a = (ai, . . . , a^v), b = (61, . . . , ^at), = {ui, . . . ,1^^). Since A^'^'a! > |a|!, we 
obtain E G VMI [2, 2A^max 1/(6^ - a^) 
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It is evident that VMI{m, M) =^ AMI{m, M\/N). On the other hand, property 
([1]) easily implies that 

||D"P||r < mI"I (-, — ^^!-^] IIPIIk < mI"I IIP! 



Xn-\a\y. 

for any a G N^, P G V{C^) of degree at most n. 

Remark 2.11. If ii^ G AMI{mi, Mi) and if we fix an arbitrary 6 G (0,1) then for 
every polynomial P of degree at most n and for all |a| < n*^, inequality holds with 
m = ^ and M = M^. Indeed, 

||P)"P||s < (Min™i)l°l||P||s 

and 







m— 1 
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|Q,|(m-l)|a| — lo-jlm-l' 

By the above, in the particular case of mi = 1, we get AMI{1, Mi) VMI{1, M). 

In the general case, we do not know whether or not the V.Markov inequality is 
equivalent to that of A.Markov. However, we can show that the Holder continuity 
property is equivalent to IQ. 

Theorem 2.12 (Main theorem). If E is a compact subset o/C^, < 7 < 1 < m, 
P, M > then 



EEHCP{-f,B) =^ EEVMI{m,M) withm = l/^, M = ^ {B-^ef/^ {%) 

E G VMI{m, M) =^ E e HCP (7, B) with 7 = 1/m, B = M^N^m. (9) 

Moreover, if E e VMI{m,M), then C{E) > e"'"^. Hence, if E e HCP{-f,B), 

then C{E) > {N^/\B-fe^)'/^)~\ 

As a consequence of the above theorem, the well known open problem concerning 
the conjectured implication AMI =^ HCP is equivalent to a new question of whether 
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AMI implies VMI. The first problem regards the properties related to the notions in 
two different fields: the pluricomplex Green's function and polynomials, whereas the 
new question is formulated only in terms of derivatives of polynomials. 

Due to the above theorem, we can give new, somewhat unexpected equivalents to 
the Holder continuity property of the pluricomplex Green's function: 

Corollary 2.13. If E is a compact subset of and 7 G (0,1] then the following 
conditions are equivalent: 

(i) E G HCP{-f,Bi) with some Bi > 1, 

(m) 3 ^2 > V 20 e ^ Vj G {1, . . . , A^} V C G C such that |C| < 1 'U'e have 

Ve{z, + Ce,) < B, ICr, 

(m) 3M3>0 Vj G {1,...,A^} VPgP(C^) 'i ken we have 

k ! T 

where ei, . . . , e^v are the canonical vectors in C^; Cj = (0, . . . , 0, 1, 0, . . . , 0) with the 
value 1 in the jth entry. 

It seems to be rather surprising that condition (ii) in Cor. 2. 13 that holds only in 
canonical directions, is sufficient to guarantee the Holder continuity property of Ve in 
all directions. 

We can generalize the main theorem to the case where psif) and kth derivatives 
of polynomials have bounds related to fit majorants with some additional properties 
(Th.4.2). We show that the required properties are satisfied for functions given in 
Example 2.4 i and ii (Th.4.4, 4.5). 

For the compact subsets of C + iR^ = we prove that if inequality (jl]) 
holds for X G then so is for all z G (Cor. 5.4). As a consequence, we obtain 

that E G HCP (^1/2, B/^/C{E)^ for any convex body in M^, where C{E) is the L- 

capacity of E and B is an absolute constant independent of E and even of A^ (Example 
5.7). Moreover, we prove that every set E C uniformly polynomially cuspidal in 
direction v with exponent s, has the following property: Ve{x + (v) < BKl^^^"^^^ for 
X G -E, Id < ''"0 (Th.5.10). Hence we deduce from Cor. 2. 13 that every UPC compact 
subset of admits HCP and thus V.Markov inequality (Cor. 5. 11). In this way, 
we obtain a wide class of sets that have such a property. This is the first essential 
generalization of V.Markov's result from the end of XIX century. 

As another application of the main theorem, we can prove HCP for disconnected 
sets. Prop. 6.1 regards some onion type sets in the complex plane that may not satisfy 
the assumptions of the Carleson-Totik criterion. These sets are particularly interesting 
in view of certain properties of compacts admitting so-called local Markov's inequality 
(see L.Bialas-Ciez and R.Eggink, Equivalence of the global and local Markov inequalities 
in the complex plane, in preparation). The second example of such an application of 
Th.2.12 concerns some compact sets consisting of infinitely many pairwise disjoint 
subsets of (Prop. 6. 2). 
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3. Proofs of the main results 

To prove Prop. 2. 6 we need the following 
Lemma 3.1. If E G is a compact L-regular set then 

a) \Ve{z)-Ve{w)\ < pE{\\z-wh) for z^weC", (10) 

b) \pEir) - Pe{s)\ < pEi\r-s\) for r,s>0. 

Proof of Lemma 3.1. Modifying an argument due to Blocki (see Prop. 3. 5]), consider 
the function uc_{z) := Ve(-2 + C) "PsdlClb) for z G C-^. We have uc_ e Cn for any fixed 
C e C''^. Moreover, 

Ve{z + Q < WVeWe,,^,,^^,,,, < WVeWe,,,^ = PEiWCh) 

whenever z E E. Hence < on and, by the definition of the pluricomplex Green's 
function, Ve{z) > U(^{z) for all z G and we can easily obtain statement a). 

To prove b), fix r > s > 0. We can take w E Er such that Ve{w) = PEij)- Choose 
z E Eg a.t distance r — s from the point w. By inequality (ITU]) , we have 

^ < PE{r) - Pe{s) < Ve{w)-Ve{z) < pe{\\w - z^) = pE^r - s) 

and we get property b). □ 

Proof of Proposition 2. 6. The implication (z) ^ (m) is an easy consequence of the 
definition oi pE- 

Lemma 3.1 immediately implies {Hi) whenever we assume {ii) and we take into 
account Remark 2.2. 

If we consider s = and r = dist (2;, E) for a fixed z G C^, we obtain (z) from {Hi). 

The equivalence {i) -v^ {iv) is an easy consequence of ^ and the elementary in- 
equalities: 1 + X < e^' for X > and e''* < 1 + {e^ - l)t for t G [0, 1], 6 > 0. 

By Blocki's argument mentioned in the proof of Lemma 3.1, property {i) implies 
the Holder continuity of the pluricomplex Green's function Ve in the whole space, i.e. 
condition {v). 

To prove {v) =^ {vi), it is sufficient to apply formulas ([3]) and the fact that Ve is 
lower semicontinuous. Indeed, for z,w E Er 

\^e{z) - ^e{w) \ = I exp{VE{z)) - exp{VE{w))\ 

< \Ve{z)-Ve{w)\ exp{max{VE{z),VE{w)}) < B, \\z - w\\^ exp(||y^||sj. 
The evident implication {vi) =^ {iv) finishes the proof. □ 

Proof of Theorem 2.12. To show the first implication, consider an arbitrary polynomial 
P G P(C^) of degree at most n and a G N^. By Cauchy's integral formula and the 
Bernstein- Walsh-Siciak inequality, for fixed z={zi, . . . , zn) eE, rE (0, 1] we can obtain 

a' -y/iv' 'a' / \ 
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where D{z, r/ a//V) = {w G : \wi ~ Zi\ < r/ a/ZV, . . . , \wn — Zn\ < r/y/N}. From 
(jl]) we have 

and for r = (|«|/(i?7n))'", m = I/7 we get 



\D'^P(z)\ < ^ ,, n'"!"! llPlls (57e)l"l/^ < f yiV(57e)^/^V"' n™l°l IIP 



l°l |a|! 



|Q,||a|m 



i\a\\y 



and dH]) is proved. 

We now proceed to show imphcation ([9]). For this purpose, observe that from ([3]) 
it is sufficient to prove 



\P{z)\ < \\P\\e exp{M^N^mnr^) 



(11) 



for any polynomial P G V{C^) of degree at most n and z G \ E such that 
dist(z, E) = r. By Taylor's formula, we have 

1 " 1 



\a\<n k=0 \a\=k 

whenever w G E and dist(2;, E) = \\z — w\\2- From (j6]) the above inequality gives 

a! 



|p(z)| < muE^'^(^-'E;;y 



Since l/a! = N^/k\, for 7 = 1/m we have 



< \\P\\e Y.^'N'ihv^r^ < \\P\\e Y1 



k=0 



(kiy 

\\P\\Egm{Mm^r''n) 



k=0 



k\ 



where 



h—n N / \ 



A:=0 

and II ■ II m is the usual norm in the space As 

^k 



k&h 

< II ■ 111, we have 



keNo 



< 



^' / fceNo 



and 



1^(^)1 < II^IIe exp (M^A^V^mn) , 

which gives ( ITTi) . 

U w & E and C G C^, ||C||2 = r, then in a similar way as above we get 



|p(^+c)i < iii^iu 



n 



mk 



k=0 



{k\y 
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In the case of NMr > 1 we obtain 

|P(^ + C)| < ||PlU(iVMrr l^^l <\\P\\E{NMrre^' 



n 



k\ 

.k=0 

Thus pE{r) < \og{NMe'^) +logr for r > e~"^j^ and consequently (see Remark 2.2), 
-logC(E) = hm (ps(r) - log r) < log(ArMe™) 

and the proof is completed. □ 

Proof of Corollary 2.13. First, we prove {ii) ^ {iii). Put Pj(C) = P{zq + Ccj) for 
C G C, 2o G -E and for a fixed polynomial P G P(C^) of degree at most n. Obviously, 
\D'^^^ P{zq)\ = |pj'^^(0)| and by Cauchy's integral formula, 

\D^'^P{z,)\ < ^max{b,-(C)l : ICI = r} < ^||P1U max{exp(nV^s(^o + Ce,)) : ICI = r} 
the last inequality being a consequence of (|3]). If r = (k/n)^^"' then from (ii) we get 

\\D'''P\\E<k\ (rV e''''\\P\\E<M^ \\P\\e 
\kJ 

with some positive constant M3, and {Hi) is proved. 

In view of Th.2.12, to show {Hi) =^ {i) it is sufficient to prove that {iii) implies 
inequality ([6]). Fix Nq 3 a = aiCi + . . . + aN^N- If -P is a polynomial of degree nj in 
Zj where z = {zi, . . . , z^), we have 



"1/7 



< m'"' ^^ -V^^ IIPII. < Mi-iivH ^^"g^ IIP 



-1 n — o 



a ! T |a| ! T 

smce a! > |a|!, and {i) follows. 

The implication {i) =^ {ii) is obvious and the proof is completed. □ 

Remark 3.2. It follows from the proof of Cor. 2. 13 that we can replace condition 
VE{x + Cej) <C2|C|'^ for |C| < 1 by the same but only for \(\ < tq < 1. Indeed, in the 
proof of implication {ii) =^ {Hi) it is sufficient to put r = ro{k/n)^^"'. We shall use this 
remark later. 

4. Majorants of Ve and a bound of kth derivative of polynomials 

In this section we shall present a generalization of properties related to HCP. To do 
this, we need the following basic definition. 

Definition 4.1. Let p satisfy conditions of a fit majorant. 
a) We say that p is m-bounded if for all c G (0,1] and r G [0, 1] 

/ - _ _ V^" ^ 

limsuplog ( 1 + / ^exp {^—kijj ^ {ck/n) + np {^exp^p ^{ck/n)))r^\ < —p{r), 

(12) 
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where ^(t) = (p(e*))' and ^4 is a constant independent of c and r. 

b) We say that p is mb-bounded if for all s e N there exist constants Cg > 0, e (0, 1] 
such that for all 1 < /ci H \- kg < n 

j=i \ j=i J \ \ j=i J J j=i 

where Yl' means that we consider only kj such that kj 0. 

c) We say that p is doubly bounded ii lim sup p(2r)/p(r) < +oo. 

r-5>0+ 

Theorem 4.2. Let E be a compact subset of and let p satisfy conditions of a fit 
majorant. Put ip(t) = {p{e^))' . 

a) Assume that Pe{t) < p{f^) forr G (0. 1]. For all n>l, a G , 1 < |q;| < n and 
for an arbitrary P e V{C^) of degree not greater than n we have 

WD^'PWe < alN^''^/^ exp {-lalijj-^ (\a\/n) + up {expijj-^ (\a\/n))) \\P\\e. 

b) If p is m-bounded (with a constant A) and there exist constants C > 0, c £ (0,1] 
such that for all polynomials P of degree not greater than n and 1 < \a\ < n 

WD'^PWe < Q;!Cl"lexp(-|Q;|^-^ {c\a\/n) + np (exp^'"^ {c\oi\/n))) \\P\\e 

then we have the inequalities 

pE{r) < ^p{Cr), for < r < 1/C, 

pE{r) < -p{l) + log(Cr), for r > 1/C 
c 

and C{E) > exp(— Ap(l)/c) /C. Moreover, if p is doubly bounded, then there exists a 
constant A' such that pE{f) < ^ [0? !]• 

c) If p is m-, mb- and doubly bounded and Ve{x + (ej) < p(|C|), x E E,( ^ then 
there exists a constant B such that Ve{x + Q < Bp{\\(^\\2) forx e C G , WCIU < 1- 

Proof, a) By Cauchy's inequality, we have 

|L'"P(a;)|/a! < inf{r-l°l sup exp(nVE(a; + (Ci, • • -Xn)))} 
'■^^ IOI<r- 

< inf{r^'"' sup exp(nV£;(a; + ())} < inf r^'"' exp(np£:(\/iVr) 

||CI|2<ViVr- '•>0 



Hence 



= 7Vl"l/2 inf r-l°l exp(npE(r). 

r>0 



\D''P(x)\\E/a\ < ^-|a|gnp(r) ^ inf exp (-\a\t + np(e')) 

re(0,l] t<0 ^ ' ' ^ 
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= ArH/2exp (^inf {-\a\t + np{e'))^ . 

Since f{t) = —\a\t + np{e^) is a strictly convex function and p'(l) > 1 we get 
inf (— + np(e^)) = —\a\ijj~'^i\(y\/n) + np(exp (| a |/n)), 

and assertion a) follows. 

b) By Taylor's theorem applied to a polynomial P of degree n > 1, ||-P||£; = 1, for 
X G E,( & C^, I Id I2 = we can write 



|P(x + C)|<|P(a:)|+ '^"^^''^ 



0<|a|<7i 



2 



fc=l |a|=fc ^ \ V \ J J J 

= ^ + Y,y ^ t jC'^'exp [-kilj^^ (ck/n) + np (exp^jj^'^ {ck/n))) r'' 
k=i ^ ^ 

< 1 + 22 — nTT (] {-kip-'^ {ck/n) + np {expip~'^ (ck/n))) {Cr)^ 

1,-1 V )' 



\n- \)\ ' ^ ^ ^^'"''^'^ ''''^ {-ktp-' {ck/n) + np (exp {ck/n))) {Cr)^ 



< 

Replacing P by we get 



1 /mn 



log \P{x + C)!'/" < log {{mn + N- l)^-'/{N - 1)!) ^" 
+ log I 1 + exp {—kip^^ {ck/mn) + mnp (expip"^ {ck/mn))) {Cr 



k=l 

Hence, from (fT2l) we obtain for Cr < 1 the inequality 

log|P(x + C)r/" < -p{Cr) 
c 

and consequently, 

PE{r) < -p(Cr), r < l/C. 
c 

If Cr>l then (Cr)'^<(Cr)" for A; < n and a small modification of the above consid- 
erations gives the inequality pE{r) < ^p(l) +log(Cr). The last property in b) can be 
deduced from the assumption that p is doubly bounded and from the L- regularity of E. 

c) If Ve{x + (cj) < p(ICI) then for 1 < degP < n and ||P||_b = 1 we can write 

\d'''''P{x)\ < k\ inf r~^exp(n sup Ve{x + (e,)) 
0<r<l 1^1=^ 

<k\ inf r"'^ exp(np(r)) = A;! exp(— A;?/^~"'^(A;/n)) exp(np('?/'~"'^(A;/?7,))). 

0<r<l 



12 



Hence 

llD'^^^PlI^ < k\e-K^{-k^-^{k/n))e-K^{np{ip-^{k/n))) 

and thus 

(AT N 
-Y^oc.r' ) +nY:p (exp^-i (^)) 

< a\ exp (— |q;|'0~''" (cjv|Q;|/n) + np (exp'^"''' (cw|Q;|/n)) + Civ|Q;|) . 

We can see that the assumptions of b) are satisfied and if we make use of it, then we 
prove assertion c). □ 

As an apphcation of Th. 4. 2. a we get the following bounds 

Corollary 4.3. a) If p(r) = Ar" , A>l/a then 

\\D''P\\E<a\[A(j^ {—j \\P\\e < [Aa^ (—J nl"l/"| |P| |e. 

b) If p(r) = i(l/log(e/r))^ then 

< Qi!(V^/e)l"lexp (^(l + l/s)|a|TTinTTi^ \\P\\e. 

c) If p(r) = (log(l/r) + 2/ a) , a G (0, 1], m = 1/a then 

(\ |o| / \ m\a\ 
vrJ (1 +iogwi«i)r'"' ii^iu- 

Th.4.2 generalizes implication VMI HCP in view of the following 

Theorem 4.4. If a & (0,1] ^ > l/o" then the function p{r) = Ar"" satisfies 
conditions of a fit majorant and is m-, mb- and doubly bounded. 

Proof It is sufficient to check that p is m- and m6-bounded. Fix c G (0, 1]. Then 
ilj{t) = Aae'^, which implies tl^~^{ck/n) — log{ck/{Aan)y^"' and for 1 < A; < n we 
obtain 

From this we conclude that 

/ n \ V" 

log j 1 + exp (y—kip^^ {ck/n) + np (exp'^"^ (cfc/n))) 

k=l 



< - log j 1 + ^ {[Aae^nr" /cf /k\^ \ < — log exp {Aae^nr" / c) = -e^r" < %{r). 

It is easy to check that p is m6-bounded if we take Cg = 1 and Cs — -^^ □ 
The next theorem concerns another class of fit major ants. 
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Theorem 4.5. The function p{r) = (1/ log(e/r))^ ^ satisfies conditions of a fit 
majorant and is m-, mb- and doubly bounded. 



To prove the above assertion we need the following crucial fact. 

P Q 

that for an arbitrary s > the following inequality holds 



Lemma 4.6. Let p,q > 1 and ^ + ^ = 1. There exists a positive constant B{p) such 



^exp(gA;^/«)e-'=^ < exp(5(p)s-(f-^)). 

k=G 

Proof. If s > 1 then 

oo oo 

^exp(5A;'/«)e-*^ < ^ exp(5A;'/«)e-(*^-') < < exp(5i(p)s-(f-^)). 

k=0 k=l 

Now we will consider the more difficult case < s < 1. We replace the series 
X^^o ®^P(?^^^^) Laplace transform of the function exp(gt^/^). 

k+l 

We start with the simple observation that exp(gA;^/^)e~'^* < J e:sq){qt^^'^)e~^^dt, 

k 

which implies 

^exp(gA;^/«)e-^" <ej exp(gt^/«)e-*"di < expg-^f-^) J exp(gi^/«)e-*Mt. 

k = Q Q 

oo oo oo 



_ 1 1 °° 
Put b — We can write J exp{qt / s^^'^)e~^''t''~^dt — Ii + exp{qs'~^~^^)l2, where 



b oo 

h= I exp(gt/si/^)e-*'t^-irft, l2 = J exp(gt/s^/'')e-(*+^)'(t + 6)^-^(it. 





We have 



/: < exp(,.-<--.)/e-t.-* = exp(,.-<--)) < exp(,.-<^-'.). 



Since {b + ty = 6« + qt/s^/'^ + \q{q -l){b + et^'H'^, 9 G (0, 1), we obtain 

oo 

h = exp(-s-(p-^)) j exp(-^?(g - i){b + ety-H^){t + by-^dt. 



If 1 < ? < 2 then (6 + ^i)?-^ > (6 + i)?-^ and we get 

oo oo 

j exp{-^q{q-l){b + ety-H^){t + by-^dt< J exp(-^?(g-l)(6 + i)«-V)(i + 6)«-^di 
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oo 

-(p-1) 



< S 





oo 

j exp(-^g(g-l)(t+l)'?-V)(t+l)^"idt = s'^^'^^ B^ip) < exp{B2{p)s-^P-'^). 



If g > 2 then 

oo oo 

j exp(-^g(g - + 0t)^-'t2)(t + by^dt < j exp(-^g(g - l)^''-^^^)^^ ^ 



oo 

^^g-{p-i)Y/pJ exp(-^g(g-l)t2)(t+l)'?-Mt<(s-(^'-^))^/Pfi3(p)<exp(s-(P-i)fi3(p)7p). 



The proof is completed by combining all particular cases. □ 
Proof of Theorem 4-5. We have 

i+E-p(-*'/'-'(^)+ "P (exp r i+i:-p((^ + 'fj I''"'-'") (D' 

Observe that for c G (0, 1] we have g{c) := ^c^^^^ + ~c^^'^ ^ 1- Applying Lemma 4.6. 
with s = u/{g{c)n^^P) we obtain 

n 

1 + J]exp(gfc^/%'/7 exp(-/tu/(^(c)ni/P) < exp(5(p)^(c)^'-^ni/%-(^'-i)). 
fc=i 

Moreover, we see that 

X l/g(c)nVp 

1 + exp(^(c)gA;i/%i/*')e-'=" j < 1+^ exp(gA;i/%^/^') exp{-ku/{g{c)n'/P)) 

K k=l J k=l 

< exp(5(p)^(c)P^^n^/%-(P-^)) 

which implies that 

n 

1 + ^exp(^(c)gA;^/%^/P)e-'=" < exp(5(p)^(c)%M-(P-^)). 



fc=i 



If we now put u = log(e/r) for r G (0, 1] then 

log 1 + J]exp(^(c)gA;i/%^/f)(r/e)'= < B{p)g{cy{log{e/r))-'^P-^^ 

= {p-l)B{p){- + icri^(log(e/r))-(P-i) < i^^Il:^p(r), 
g p cp — 1 c 

which gives ([T^ . 
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We leave it to the reader to verify that p is m6-bounded if we take = and if 
G (0, 1] is chosen so that 

gsup{^Af^ : A, > 0,X:A, = 1} < c;^/^(l + -^). □ 

We end this section with the following example. 

Example 4.7. If E is a unit ball in then (cf. Section 2) pE{r) = \og{l + r /C{E)) < 
r/C{E) that is equivalent to Ve{z) < dist(2, E)/C(E), z e . We can take p(r) = 
max(l, l/C{E))r and thus we get for P G P(C^), degP < n, 

||D°P|U < (max(l, l/C(E))(yiVe)l"lnl"l||P||B. 



5. HCP of compact subsets of 

Remark 5.1. For any set E C it is sufficient to consider only polynomials with 
real coefficients. Indeed, if P G P(C") then P = Q + iR where P,Q E V{R^), deg P = 
max(deg Q, deg R) and 

\\P\\e= sup llcos^Q + sin^Plli^, ||P)°P||^= sup ||P'"(cos^Q + sin^P)||£;. 

|6»|<7r |e|<7r 

Hence, if we have the bound ||P'°P|U < C{n,k)\\P\\E for all P G P(M^),degP < 
n,\a\ < n then the same is true for polynomials with complex coefficients. 

Observe that the following identity holds for real polynomials P 
||gradP(s)||2 = -A(p2(a;)) - P(a;)AP(a;) 

and consequently, 

E e AMI{m,M) ^ 3M' VP G P(M^) ||AP||£; < M'(degP)^™||P||£;. 
Note also that, if = 2, then 

E e AMI{m,M) ^ 3M' \/P eV(R^) ||^P(x,y)|U < M'(degP)"^||P||E 

oz 

^ 3M'VPgP(M^) ||^P(x,i/)||i5 < M'(degP)"||P||s 

oz 

where, as usual, 

d 1 f dP{x,y) . dP{x,y) \ d 1 f dP{x,y) , . dP{x,y) 

a;^^"' = 2 [-^x ) ' = 2 + 

For compact subsets of we can take only real polynomials in the definition of 
Siciak's extremal function (cf. [2]): 

^Eiz) = snp{\P{z)\'^'^'^^ : PgP(M^), deg P > 1, | |P| ^ < l} , z e . 
The following result is a consequence of [H Th.2.4] 
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Proposition 5.2. If E is a compact subset o/M^ then 

+00 

1 f dt 

Ve{x + ty)<- / Ve{x + ty)-—^ (13) 

for every z = x + iy E . Equality holds in (fT3|) if N = 1 (for any z E C). 

As a corollary of Prop. 5. 2 we obtain 

Theorem 5.3. Let E be a compact set in M.^ . Assume that for every x G the 
inequality holds 

Ve{x) < B{dist{x,E)y (14) 
where B > 0, 7 G (0, 1) are constants independent of x. Then for all z G 

+00 

B , B r(l/2-7/2) 



VeKA < B{dist{z, E))\ with B = ^ y (1 + ey'^-^dt 



v/? r(i-7/2) • 



Proof. Evidently, ioi z = x + iy E we have 

dist{z,E) = (dist(x,E)2 + ||?/||^)V2. 

Inequality f|T^ is equivalent to 

Ve{x) < B\\x — xqWI for all xq G E. 

By Prop. 5. 2, we get 



hoo 



VEiz) = VEix + ly) < - [ VEix + ty)-^ <- [ \\x - xo + ty\\l 



n J ^n + t2 - vr 7 " " ^"n + t2 

—00 —00 

hoo +00 

B f ,,, ,, ,. ,„, dt ^ B f ,,, ,,0 ,, ,,n^„,/^,,_ .ox„,/o dt 



< 

TT 



^ - ^olh + N WvhV YTt^ <- U\\x-xo\\l + Wygy/^i + t'y/'- ^ 



—00 



= B{\\x-xo\\l + \\y\\ly/'. 

As Xq is an arbitrary point of E, we obtain Ve{z) < B{dist{z, E))"' , which completes 
the proof. □ 

It may be worth reminding the reader that if a compact set E C admits the 
A.Markov inequality then the exponent m in ([T]) is at least equal to 2 (see e.g. |13j). 
Therefore, the exponent 7 in IHM may be at most equal to |. 

Corollary 5.4. If for every x G the inequality holds 

Ve{x) < B{dist{x,E)y (15) 

with B > 0, 7 G (0, |] independent of x, then for all z G 

B r(i/4) 



Ve{z) < B{dist{z,Ey\ B 



^r(3/4)' 
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Corollary 5.5. If E is a compact subset 0/ and 7 G (0,1], then the following 
conditions are equivalent: 

(i) E G HCP{-f, Bi) with some Bi > 1, 

(a) inequality (HM holds for all x G with some B2 > 1 independent of x, 
(m) E G VMI{^,Bs) with some B^ > 1, 

{iv) inequality ^ holds with some B > 1 for all polynomials P of real coefficients. 

Example 5.6. For E = [—1,1] we have Ve{x) = log /i(max(l, |x|)) where h{t) = 
t + Vt^ - 1 if t > 1. UxqE E then 

VEix) < log h{l + \x- Xo\) = log (1 + |x - Xo|^/^(|x - xol^/^ + i\x-Xo\+ 2)1/2)^ _ 



Since log(l + 1) < for t > 0, < a < 1, we obtai 



am 



Ve(x) < 



{1 + VS)\x - xol'^/^ ; \x-Xo\ < 1, 

2(1 + V^)l/2|3, _^^|l/2 ■ \x-Xo\>l, 



hence Ve{x) < 2(1 + \/3Y^'^\x — Xq]^^'^ for all x, Xq and thus 

Ve{x) < 2(1 + y3)i/2^dist(x, E)y/^. 

Example 5.7. Let be a convex body in that is not symmetric with respect to 
the origin. Fix ^ G S^~^ and put 

a^(E)=niin(x,e), 6g(^) = rnax(x, 0, Pe(^) = ^e(^) - «?(^)- 

The last value is called the width of E in the direction ^. The minimal width of E is 
given by u}{E) = inf ^p^{E). For x G it follows that (see [11]) 

Ve{x) = sup V[a^(E),b^{E)]{{x,0) = sup V[_i,i] (2 (x, ^/p? (^) " (&5 (^)+a5(^^))/Ps(^)) 

Therefore, in the same way as in Example 5.6, we have 

Ve{x)< sup log/i(l + 2|(x-xo,0|/p5(^)) <log/i(l + 2||x-xo||2/c^(^)) 

<2il + V3Y/\2\\x-xo\\2/coiE)Y^' 
for any fixed Xq E E and in consequence we get 

Ve{x) < {2 + 2V3y/\Adist{x,E)/uj{E)y/^ < {2 + 2V3y/\dist{x, E)/C{E)y/\ 

where C{E) is the L-capacity of E (see |5], Example 3.4]). In particular, there exists an 
absolute constant B such that for all dimensions N and for all convex bodies E C 
the inequality holds 

Ve{z) < l3{dist{z,E)/C{E)y/\ z G C^. 
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By Th.2.12, we can deduce that these sets belong to VMI{2, VNB'^ey[AC{E)]). 

Now we recall a definition of a class of UPC sets introduced by Pawlucki and Plesniak 
[T7] who have shown its importance in approximation theory. In particular, they have 
proved a deep result (cf. [T71 Cor. 6.5]) that every fat compact subanalytic subset of 
belongs to this class (see also [H]). 

Let s > 1, ^ > and e {1, 2, . . .}. 

Definition 5.8. A compact set E C is called uniformly polynomially cuspidal 
{E G UPC{s, S,d) in short) if for every xq & E we can find a polynomial mapping 
y9 : M — )• of degree at most d such that ip{l) = xq and 

dist{^{t),R^\E)> S{l-ty for tG[0,l]. 

It is rather difficult to find the optimal constant s in the last inequality. However, 
calculations are much simpler for the following modification of the above definition. 

Definition 5.9. (cf. [3]) Let w be a fixed unit vector in M^. A compact set E C 
is called uniformly polynomially cuspidal in direction v {E ^ UPCy{s, S, d) in short) if 
for every xq & E we can find a polynomial mapping <^ : M — )■ of degree at most d 
such that ip{l) = Xq and 

disU{ip{t),m^ \E) > S{l-ty for t e [0,1]. 

Here dist„(x, \ E) := sup{r > : [x — rv, x + rv] C E}. 

If E E UPC{s, S,d) then E G UPC^^s, S,d) for every unit vector v. An open 
problem is whether conditions E G UPCy.{sj, Sj, dj), j = 1, . . . ,N, vi, . . . ,vn that 
are linearly independent imply E G UPC{s, S, d) with some S, s, d. It seems that this 
may not be true for > 3. However, as an application of the proposition given below, 
we prove that it E E UPCe^{sj, Sj, d), j = 1, . . . , N , where (ej)j is the canonical basis, 
then we get E G HCP{^), where s = max Sj. In particular, if G UPC{s, S,d) 

then E G HCP{^) that essentially improves earlier result by Pawlucki and Plesniak 
[T7t Th.4.1] (see also pS]). As a corollary we get a wide class of non-convex sets that 
satisfy VMI. 

Theorem 5.10. If E G UPCy{s, S, d) andeo G (0, 1) then there exists Cq = Co{eo) > 
such that for every |C| < ro = :^(1 ^ ^o)* ihe inequality holds 

Proof Let Lo = V2/S. Put giC) = i(C + C"'), ?(C) = |(C - C"')- For p > 1 write 
a = a{p) = {{l+g{p))/2y\ b = b{p) = {{g{p) - l)/2y\ c = c{p) = l/g{p). We 
have b = a(l — a) ^, c = |a(l — a) ^1"^ . Fix (^q = Q^o + ^/^o ^ and Xq in E and put 
Mo = cxqv, vq = Pqv. Define 

^(0 = ip{a{p)]^{g{C) + 1)) + \{g{C,) - l)b{p)u, + ig{C)c{pW C e C, |C| > 1 
where is a polynomial mapping chosen to Xq by the definition of the U PC property. 
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Since 

= v{a{p)rT) + (r - l)h{p)u, ± 2^t{1 - t)c{p)v^ forr = ^^^^, ^e[0,27r], 

we have il){e^^) G E whenever 

(1 - T)h{p)\ao\ + 2^t{1-t)c{p)%\ < 5(1 - ar)^ r G [0, 1]. 
The last condition is satisfied if 

« \\^Wo\ + \r\^\Po\ ]<S{1- ary 
\1 — a VI — a / 

and consequently, if 

\^l-ar^ ' 1-a V 1-ar ^ ^ ^/f^ ^ - 

Since a, r G [0, 1], 1 — r < 1 — ar and |ao| + l/^ol ^ "\/2|Co|; the last condition will hold 
if y2|Co| <5(l-a)^ 

Assuming Lo|Co| < (1 — ^^o)'' and taking p = h (^jz^^^^pJ^ > ^(^) = ^ + — 1 we 

have i^olCol = (1 ~ '^(p))*; that is ^'({kl = 1}) By the maximum principle for 

subharmonic functions (applied to the domain {z E C : |2;|>l}),we get 

iogV^(^(C))<rfiog|CI, ICI>i- 

In particular, 

Ve{xo + Cov) = Ve{iP{p)) < dlogp = dlogh 
The inequality 1 - (Lo|Co|)^/' > £0 implies that 

where 

A = (2/5o)^/^Ly^^^)(v^+ V2(l-5o)/^o) < {^/eo)Ll^^''^ = B. 
Since for every d>l the function ((1 + xY — l)/x is increasing for x > 0, we obtain 

(i+i?icor/^'^))'<i+coicor/^'^^ 

where Co = max ((1 + Br^/^'^'^Y - l) /r^/^^^) = f (1 + Brl'^^'^Y " A 1^1'^'"'^ ■ 

r<ro \ / 

Finally Ve{xo + Cov) < log(l + Co\Co\'^^''^) < CoKol'^^'^^ ■ □ 

Applying Cor. 2. 13 and Remark 3.2 we get the following result which specifies an 
earlier result by Pawlucki and Plesniak (cf. fTl^, Th.2.1]). 

Corollary 5.11. If E E UPCe.{sj, Sj,dj), j = 1,...,N then there exists a constant 
B such that E G HCP{'~f, B) with 7 = 1/(2 min Sj) . In particular, if E E U PC (s, S, d) 

then E G HCP{l/{2s), B). 



\i-{Lo\Co\y/^ r 
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6. Applications of Theorem 2.12 for disconnected sets. 

The first proposition regards certain onion type sets in the complex plane that 
are very useful in a problem concerning local and global Markov's properties (see 
L.Bialas-Ciez and R.Eggink, Equivalence of the global and local Markov inequalities in 
the complex plane, in preparation). 

Proposition 6.1. Let {aj)j be a strictly decreasing sequence of positive numbers such 
that ai = 1, aj — ?■ as j ^ oo and let ipj G (0, |) for j = 1, 2, . . .. Put 

Cr.= {aje'' : te[<^„27r]} for j = l,2,..., 

oo 

E := {0} U U Cj. 

If \1- e'^^ I < flj+i for j = 1, 2, ... then E G HCP{\, B) for some B > 0. 
Proof. First, we note that 

F ■= {e** : t G [n/2,27i]} 

is a connected compact set and so F G HC P{\, Bp) with some constant Bp > 1 
(see e.g. ^ Cor.2.2]). From implication (IHD we see that E G VMI{2,Mf) with 
Mp = {eBF/2f. We can assume that Mp > max{2e, l/C{E)}. 

For any polynomial P of degree at most n, for k G {1, . . . , n} and zq G E, we will 
prove the inequality 

|p(^')(zo)| < M^' ^ \\P\\e where M = SM^exp (3M^(1 + e^^^^)) . (16) 

rh 

By Th.2.12 and since k'' > k\, condition ([16]) implies that E G HCP{\,B) with 
B = 6M^/^. Therefore, the proof is completed by showing ( fT6l) . 

Observe first that for any monic polynomial P of degree n and for k = n we have 

because C(i?) is equal to the Chebyshev constant of E. Consequently, 

II^^'^IU < (M.)^^IIPIU 

for all polynomials of degree at most n not necessary monic. Thus condition (fT6l) is 
fulfilled for k = n. 

Consider now k < n. We first examine Zq = and we will show that 



k^ 

For this purpose, find j G N such that ^ < < ^7^- By Cauchy's integral formula 



|pW(o)| < ^ ||p(^-i)| 



C(0,aj) , 
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where C{0,aj) is the circle with the radius aj about the origin. The norm of P on 
C(0,aj) is attained at some point Wq G C{0,aj). Put Fj := ajF. Obviously, Fj G 
VMI{2, Mp/aj). If Wo G Fj, we have 

< TIT T P < . . P R for fc>2, 



k"^ J \ k J ^ \ k'^ 

because t ^ ^'-^-^ j is an increasing function whenever t G (0,n+ 1] C (0, ^^^"^ ] and 

-Fj G Cj G E. The case of A; = 1 is easy to verify and thus inequality ( 1T7|) is fulfilled 
for all A; G {1, ... , n}, G Fj. 

If Wo G C(0, ttj) \ Fj, by Taylor's formula and VMI for F, we get 

■J ^ 1=0 



the last inequality being a consequence of the assumption of Prop. 6.1. Since Fj G E 
and — < T3- < , we can write 

,p«,o„ . (i;)'(^)'f K^)'(0"^"- (^) 

and this yields inequality (fT7|) . 

We now turn to the case 2:0 7^ 0. Clearly, zq G Cj for some j G {1,2,..., }. If 
< then by fjlTl) we have 



1 /SMpe^A^^n^ 



3 



< 



?>Mf e"^'^ n^V ^ I (?>Mpe^^^n^\ /'^'^^,oM 
P ^/il P U "^"^ 



^ I ' 3Mi. e^^^ exp (3Mf e^^^ ) ^ ^ ^ ^ ^ 



and (flGll is proved in this case. 

It remains to show estimate f|T6l) if > Let Fj be a set obtained by a rotation 
of Fj about the origin such that zq G Fj C Cj. Since Fj G VMI{2, Mp/aj), we have 
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and flTBl) is proved at every point Zq E E. □ 

The second example presents the apphcation of Th.2.12 for certain compact sets 
consisting of infinitely many pairwise disjoint subsets of C^. 

Proposition 6.2. Let /i > 2, 6 G (0, a/2 — 1) and let {aj)j, {rj)j be sequences of 
positive numbers such that 

«i = 2, ri = 1, aj = Tj + r|, Vj = hr^_^ for j > 2. 

Then the set E defined by 

oo 

E := {0}u|JEj, Ej := {z = (zi, . . . , Zn) & ■ \zi-aj\ < rj, \z2\ <rj,..., \zn\ < rj}. 
i=i 

admits the Holder continuity property of the pluricomplex Green function HCP{^,B) 
with some B > 0. 

Proof. Fix n G {1, 2, . . .} and a polynomial P of degree at most n. As a first step we 
shall show that for each a G , |a| < n 

iD^'-'Pm < ^-j [j^j \\P\\e. (18) 

For this purpose, find j > 2 such that rj < ^fj-i where \a\ < n is fixed. From ([7]) 
we have 

WD'-PU < ^ ii^iu. 

and thus, by Th.2.12 and Example 2.9, Ej G HCP{1, ^). In particular, we get 

N N \a\N 

Ve^(O) < — dist(0,Ej) = —{aj-rj) = Nrj < ^ — . 

rj rj n 

Formula ([3]) leads us to 

|D(")P(0)| < (^e^^.(°))"~'°' ||Z^"P|U^.. 
By the above, it follows that 

\a\ \a\+^l\a\ 

|fl(")p(0)| < eN« IIPII,, < eH« 

and inequality ( |T8|) is proved. 

Now consider zq E E \ {0} and \a\ < n. If zq G Ej and rj > (^^^ then 

l^^"^^(-o)| < ^ < -rr^ \\P\\e. (19) 



In the case of r j < ( ^ j , Taylor's formula and inequality ( |T8l) yield 



|D(-)p(zo)| < E l^"^''^(0)l \\zo\ff 

m<n-\a\ ^ 
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'\<n-\a\ 



hi V \oi.\^ I " /! V & y V y V n 



Hence and from inequalities (jmUHD we conclude that E G VMI{2+fi, i QN+N^WTse'^ /b-^^ 
and Th.2.12 leads to E e HCP{j^,B) with S = (^f gTV+ArvW+se^/fej 2+71 which 
proves the assertion. □ 

Remark 6.3. We close this paper by offering two questions for further research: 

1. Does the continuity of the pluricomplex Green's function Ve with respect to each 
variable separately imply the L-regularity of E7 

2. Has the pluricomplex Green's function Ve of a Markov set E the continuity property 
with respect to each variable separately? 

For the univariate case the answer to the second question is partially known because 
if C M then it is L-regular (see [9j). 
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